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An AC susceptometer operating in the range of 10 Hz to 100 kHz and at room temperature is designed, built,
calibrated and used to characterize the magnetic behaviour of coated magnetic nanoparticles. Other weakly
magnetic materials (in amounts of some millilitres) can be analyzed as well. The setup makes use of a DAQ-
based acquisition system in order to determine the amplitude and the phase of the sample magnetization as
a function of the frequency of the driving magnetic field, which is powered by a digital waveform generator.
A specific acquisition strategy makes the response directly proportional to the sample susceptibility, taking
advantage of the differential nature of the coil assembly. A calibration method based on conductive samples
is developed.
PACS numbers: 75.30.Cr 07.55.Ge, 07.55.Jg 87.61.Ff
Keywords: AC susceptometry, Magnetic nanoparticles, Hyperthermia.
I. INTRODUCTION
AC susceptometry constitutes a powerful tool for re-
search into the characterization of magnetic materials.
The construction of simple, versatile, automatized and
user-friendly apparatuses is of interest for researchers in
many areas in which the magnetic properties of weakly
magnetized materials need to be investigated. Some
apparatuses use highly homogeneous magnetizing fields,
taking advantage of the Helmholtz configuration1, but
most of them (including commercial ones) use simple
solenoids. Quite often the real and the imaginary compo-
nents of the susceptibility (accounting for magnetic en-
ergy storage and for power dissipation, respectively) are
extracted with the help of a lock-in amplifier. Modern
lock-in amplifiers are excellent devices for noise rejec-
tion, acquisition and the analysis of signals. On the other
hand, the spurious signals that typically emerge in sus-
ceptometric measurements, due to minor imperfections,
may affect the lock-in output unless sophisticated circuits
are inserted to nullify them before the phase-sensitive de-
tection. Such circuits can be expensive, require delicate
adjustments and may introduce other systematic errors.
We present here a solution based on the direct digiti-
zation of raw data, which are subsequently numerically
elaborated in an off-line analysis so as to cancel spuri-
ous signals, using relatively inexpensive instrumentation.
The complex susceptibility as a function of the frequency
is derived using a simple calibration method.
Among the wide range of materials requiring mag-
netic characterization, we concentrate on superparam-
agnetic nanoparticles embedded (or to be embedded)
in an organic matrix (e.g. hydrogels). It has been
suggested that magnetic nanoparticles (MNPs) surface-
functionalized with biological probes can be attached to
cancer cells for selective killing and used for innovative
therapies such as controlled drug delivery2–4, or in biol-
ogy as magnetic labels5.
MNPs subjected to an alternating magnetic field can
exchange energy with it. With a suitably selected AC
magnetic field amplitude and frequency, the particles can
generate enough heat to damage or kill the surround-
ing cells, while avoiding collateral damage to neighbour-
ing tissues. A serious problem with these magnetic hy-
perthermia applications is that the field applied induces
eddy currents in the exposed tissues and organs. This
may cause a significant transfer of energy with conse-
quent collateral effects, thus thwarting the selectivity as-
sociated with the MNP methods.
In all the above-mentioned applications and wherever
AC magnetic field manipulation of MNPs is required, it
is important to know the size of the MNPs, their sta-
tistical distribution and the near-dc susceptibility value,
which make it possible to estimate the rate of the energy
transferred to the sample, or rather the specific absorp-
tion rate at a given AC magnetic field frequency. The
response of the MNPs is, in fact, strongly dependent on
the dominant relaxation mechanism (Nee´l and Brown re-
laxations may occur with superparamagnetic materials,
the second prevailing for larger MNP sizes)6, whose typ-
ical time response dramatically depends on the size and
- in the case of the Brown relaxation - on the hydrody-
namic radius of the particle. This marked dependence
makes preliminary experimental characterization of the
resulting susceptibility advisable in all applications where
a significant field-MNP energy transfer is required.
In many cases detailed magnetic response studies are
performed to analyse the temperature dependence of the
magnetic susceptibility, with particular emphasis on its
behaviour at cryogenic temperatures7. In other cases
(including the biomedical field of interest) the temper-
ature is not an adjustable parameter, and the optimal
2frequency and amplitude are the only quantities to be
determined. Commercial susceptometers are available
(often coupled with cryogenic systems and thus rather
expensive) and home-made setups are reported in the
literature8,9. Home-made setups offer the advantage of
adapting the sensor volume to the sample size. The ge-
ometrical constraints, together with the coil design, also
have implications for the accessible frequency range. In
conclusion, the use of ad hoc apparatuses, such as home-
made ones specially designed for a given sample size and
frequency range, helps in optimizing susceptibility mea-
surements.
Our setup works in a relatively weak driving field (in
the 1 mT range and lower) and is devoted to the study
of magnetization phenomena occurring in a linear regime
(far from saturation). In this paper we present a simple
design for a room-temperature AC susceptometer using
basic modules commonly available in scientific laborato-
ries. The apparatus could be coupled with an additional
coil to provide a stronger dc or low-frequency range field,
in order to investigate the nonlinear terms of the sus-
ceptibility. A detailed description of the susceptometer
calibration procedure is provided, which permits simul-
taneous accurate measurements of both the real and the
imaginary components of the susceptibility. The calibra-
tion procedure is based on the detection of eddy currents
induced in large aspect-ratio Cu rod samples10. These
kinds of samples have a theoretically known diamagnetic
behaviour, so that the experimentally measured response
can be compared with a theoretical model.
The theoretical expression includes some special func-
tions that do not allow for immediate analytical evalu-
ation. We report (in an Appendix) the mathematical
formulas necessary to calculate the theoretical response
of cylindrical conductive samples, whose diameter can
be selected in order to achieve precise calibration in the
desired frequency range. Lastly, a few susceptometric
measurements are presented and discussed, showing the
performance of the susceptometer when used to charac-
terize samples containing MNPs of different sizes.
II. EXPERIMENTAL SETUP
The susceptometer is based on a simple geometry coil
assembly. The assembly is composed of three coaxial,
cylindrical coils: a large one used to apply a homogeneous
field, and two (identical) smaller ones used to pickup an
electric signal via the Faraday induction effect (coils C1
and C2 in Fig.1). All the coils are made of a single layer
copper wire wound around thin plastic cylinders. Their
loops are wound accurately so as to make them very reg-
ularly distributed. The wire diameter of the main and
the pick-up coils is chosen in accordance with the fre-
quency range to be investigated. Parasitic capacitance
causes unwanted resonances, preventing the use of thin
wires (too closely spaced loops) when higher frequencies
need to be investigated.
FIG. 1. Schematic of the coil assembly (in scale).
The pickup coils fit inside the cylinder of the main coil.
The volume of the pickup coils should be such as to pro-
vide maximum coupling with the sample volume, in order
to achieve maximum sensitivity. The setup presented in
Fig.1 is chosen in order to accommodate MNPs either
dry or dispersed in about 4 ml of liquid. The main coil
is supplied by a high quality waveform generator, which
delivers a 10 Vpp sinusoidal signal on a 50 Ω load: it de-
livers 20 Vpp to the coil at higher frequencies, where its
reactance largely exceeds the output impedance of the
generator. The magnetic field inside the main coils is of
the order of 1 mT at the lowest frequency (10 Hz) and
drops down to 20 µT at 100 kHz. In all cases it is far
below the saturation limit of the samples considered in
this paper.
The signals produced by the pickup coils are digitized
by means of a DAQ card (16 bit resolution, 1.25 MS/s
acquisition rate). The two pickup coils are placed inside
the main coil, taking care to position them in regions
where a sufficiently homogeneous driving field is gener-
ated, i.e. at a distance of about one diameter from the
ends of the main coil.
We now describe the measurement method and, more
specifically, the approach used to calibrate the suscep-
tibility and to counteract systematic errors. The naive
idea for measuring the susceptibility χ of a material is to
insert a sample in a homogeneous field and measure the
field variation caused by the sample magnetization. The
most direct method for measuring a time-dependent (har-
monically oscillating) field is to use a pickup coil. The
insertion of a sample in a pickup coil placed in a homo-
geneous oscillating field would cause a relative variation
in the induced electromotive force (EMF):
∆ǫ
ǫ
=
ǫ0 + ǫsample
ǫ0
= χ
VS
VC
, (1)
where ǫ0 and ǫsample are the induced EMF in the absence
and in the presence of a sample, respectively; VS is the
volume of the sample and VC is the volume of the pickup
coil. In fact, the magnetic field changes fromB0 toB0(1+
χ) in the volume occupied by the sample, resulting in a
modified time-dependent magnetic flux across the pickup
coil. The estimate (1) is correct when an infinite volume
sample in an infinite pick-up coil is considered. Actually
the ratio VS/VC is a rough estimate of a coupling factor
α, which describes the coupling and the filling factors
3and (what is important) is set only by geometric values
∆ǫ
ǫ
= αχ. (2)
Small values of χ and possibly small values of α make
the relative variation of the EMF measured difficult to
detect and digitize correctly. A straightforward solution
to improve the digitization resolution is to subtract the
background EMF (that of the empty pickup coil) by per-
forming differential measurements. This can be done by
using two identical pickup coils (see Fig.1) and measur-
ing the differential signal when inserting the sample in
the pickup coil C1 and alternately in C2, thus obtaining:
∆ǫ1 =
[
ǫ01(1 + α1χ)− ǫ02
]
and
∆ǫ2 =
[
ǫ02(1 + α2χ)− ǫ01
]
, (3)
respectively. Adding the two quantities measured, a sig-
nal free of background EMF (differential signal) (ǫ01α1 +
ǫ02α2)χ is promptly made available. Extraction of the χ
value now requires precise evaluation of the parenthesis.
The relative position of the two pickup coils is finely ad-
justed in such a way as to minimize the amplitude of the
differential signal measured when no sample is inserted
and the main coil is driven at an intermediate frequency
and at a strong magnetic field. Achieving a good balance
(minimal differential signal) makes it possible to achieve a
good digitization of the signals produced by the presence
of the sample. With the availability of two nearly identi-
cal pickup coils, and positioning the sample inside them
accurately, the assumption that the coupling factors are
equal α1 = α2 = α can be made, so that the necessary
normalization factor becomes α(ǫ01+ǫ
0
2). Further simplifi-
cation based on the hypothesis that ǫ01 = ǫ
0
2 would not be
appropriate, because small imperfections (such as par-
asitic capacitance and consequent spurious resonances)
make such EMFs different, mainly in terms of their rela-
tive phase and at higher frequencies, where the effects of
uncontrolled resonances become increasingly important.
For the same reason, the position of the pickup coils that
gives minimum differential signal in the balancing pro-
cedure depends on the frequency applied. Nevertheless,
also thanks to the signal extraction method (see below),
we verified that such imperfections do not prevent accu-
rate measurements. We also verified that the susceptibil-
ity measured does not depend on the frequency at which
the balancing procedure is performed.
We followed a four-step measurement procedure to de-
termine susceptibility, based on two differential measure-
ments (with the sample in C1 and C2, respectively) and
two absolute measurements of the EMF induced in the
empty coil C1 and C2, respectively. Thus the quantities
measured are: ∆ǫ1,∆ǫ2, ǫ
0
1, and ǫ
0
2. The αχ value is then
estimated as (∆ǫ1 +∆ǫ2)/(ǫ
0
1 + ǫ
0
2). The remaining task
is to determine α. In addition, as all the quantities con-
sidered are actually functions of the angular frequency ω,
fine calibration of the response at different frequencies is
necessary.
Most of the setups reported in the literature are based
on a lock-in amplifier (see, for example11,12) which is used
both to provide the driving field (in some cases with an
amplification stage to improve the field strength) and to
reveal the phase and amplitude of the induced EMF. In
our case, we use the raw data directly and perform an ad
hoc analysis. This choice helps to reduce the complexity
and the cost of the whole setup, and facilitates the task
of optimizing the data acquisition and analysis.
We use a commercial ADC converter (National Instru-
ments, NI-PCI-6250). This provides multiple input con-
version, however we prefer to use repeated single input
conversions to avoid any cross-talk effects and phase er-
rors introduced by the multiplexed digitization. The two
pickup coils are connected in series and grounded at their
connection (see Fig.2). The signal produced by each sin-
gle coil can thus be digitized in a referenced single-ended
(RSE) configuration, while the small series signal is dig-
itized in a pure differential configuration, which permits
optimal rejection of the common mode noise. In all cases
the digitization is triggered by the TTL reference signal
produced by the waveform generator.
The voltage range of the 16bit-ADC card can be
set from +/-100mV up to +/-10V, leading to a min-
imum digitization uncertainty of δǫ = 15µV, which is
the dominant error source. In accordance with Eq.3,
this corresponds to an instrumental uncertainty of δχ =
δǫ/(αǫ0) ≈ 1.2×10−4, calculated for a 1 ml sample (filling
factor 3.7%), and for ωB = 12 T rad/s, as in the case of
our driving field. The averaging procedure may improve
this value, while the presence of parasitic capacitance at
high frequencies and coil resistance at low frequencies can
worsen it.
FIG. 2. Schematic of the DAQ connections. A sequence of
four equal frequency scans is performed and for each scan a
specific single signal is acquired at each frequency. The sample
is placed alternately in the coil C1 or C2. When the sample
is in C1, as sketched in the figure, the central (differential)
input provides ∆ǫ1 and the lower (RSE) converter provides
ǫ
0
2. When it is in C2, the upper (RSE) converter provides ǫ
0
1
and the central one provides ∆ǫ2.
4During the frequency scan a given number of periods
of the signal (N) are recorded for each step. The ac-
quisition rate is kept at the maximum, as long as the
data buffer can contain the whole data set. Otherwise
the rate is reduced so that the N periods fit in the data
buffer. Multiple traces are acquired for each frequency
step in order to further decrease the noise by means of
trace averaging.
The choice of N (usually ≥ 5) is made on the basis
of empirical evaluation of the performance of the proce-
dure used for amplitude and phase extraction. This is
done using a numerical evaluation based on the analysis
of windowed discrete Fourier transform (DFT), following
the procedure described in Refs.13,14.
A sample susceptometric analysis starts with the selec-
tion of the frequency scan (a logarithmic discrete sweep,
for which the operator sets the interval and the number
of points) and the voltage applied to the main coil. The
measurement consists of four steps:
• The sample is placed in the C2 coil and the EMF in
C1 is measured to evaluate (ǫ01) (ǫ
0
1 is the complex
number of which the above-mentioned procedure
calculates modulus and phase).
• The EMF in the series (∆ǫ2) is evaluated.
• The sample is placed in the C1 coil and the EMF
in C2 (ǫ02) is evaluated.
• The EMF in the series (∆ǫ1) is evaluated.
At the end of the four frequency scans, the four com-
plex arrays are combined (see Eq.(3)) and rescaled by a
calibration factor g(ω), which is evaluated from the lin-
ear interpolation of a calibration file previously saved to
disk and produced according to the analysis described in
Sec.III
III. CALIBRATION
A simple but very effective procedure to achieve accu-
rate calibration (of both the coupling factor α and the
frequency response) is based on the use of theoretically
known susceptibility samples. As known10,11,15, cylindri-
cal conductive samples with large aspect ratios (i.e. hav-
ing a length greatly exceeding the diameter) serve this
purpose well. We employ copper samples with diameters
selected in order to match the range of interest of the
susceptometer’s frequency domain.
Sets of Cu wires, with diameters in the 1÷5 mm range
and a length of 40 mm, are used for calibration. For
each diameter a variable number of Cu wires are used
in order to get roughly constant volumes, comparable to
the volume of the sample of unknown susceptibility to be
analyzed. The aim is to: (i) determine the filling factor α
(matching the resulting curves at the lower frequencies);
(ii) correct the frequency response of the pick-up coils
(occurring at higher frequencies); and (iii) validate the
whole measurement procedure. The χ value for a Cu
cylinder of radius r and length largely exceeding r (in
order to make the infinite length approximation feasible)
can be calculated using:
χ =
2J1(z)
zJ0(z)
− 1 (4)
where Jk is a Bessel function of the k
th order,
z = r
√
−iσµ0ω =
√
−iΩ (5)
and ω = 2πf , σ and Ω are the angular frequency, the
material conductibility, and the dimensionless frequency
defined as ω/(r2σµ0)
−1, respectively10,16. Eq.(4) is the
result of a classical eddy-current model.
The first task (i) is accomplished and a reasonably
good agreement is observed between the theoretical
[χth = χ
′
th(ω)− iχ′′th(ω)] (see the Appendix) and experi-
mental [χexp = χ
′
exp(ω)− iχ′′exp(ω)] curves, using VS/VC
as an estimate of the coupling factor α. Fig.3 shows a
good rough agreement between the theoretical and ex-
perimental values, corrected with the filling factor only.
It can be seen that a discrepancy takes place at nearly
40 kHz due to the fact that the pick-up coils are not per-
fectly identical. The second task (ii) can be accomplished
by producing a complex calibration curve, reporting the
ratio g(ω) = χth/χexp as a function of ω, used to rescale
the measurements afterwards.
FIG. 3. Theoretical and experimental data used for calibra-
tion of the susceptometer. As a sample 20 wires of Cu, 1 mm
in diameter and 40 mm in length, are used for αg(ω) deter-
mination.
The quality of the calibration of the susceptometer was
tested using other Cu wire samples of different diameters.
Fig.4 shows excellent agreement between the experimen-
tal value and the value calculated using Eq.(4), when
taking into account the small difference in the sample
volumes. Appreciable discrepancies, due to the inappro-
priate assumption of an infinite length Cu cylinder, take
place at diameters above 5 mm.
5FIG. 4. χ′ and χ′′ theoretical and experimental values for
5 wires of 2.1 mm in diameter and for 3 wires of 2.9 mm in
diameter. Both Cu samples are 40 mm in length.
The Cu calibration wires are used for fine sample po-
sitioning as well. The whole measuring procedure, de-
scribed above, gives reliable results when α1 = α2 = α
is fulfilled and the signal-to-noise is optimized, provided
that α is maximized, i.e. provided that the sample is
accurately positioned inside each pickup coil. To this
end the setup includes a numerically controlled motor-
ized positioner, for which a calibration procedure was
developed. Prior to starting a measurement, it is possi-
ble to determine the optimal positions that maximize the
coupling factors α1 and α2 and to verify that those fac-
tors are effectively equalized. For this purpose, the main
field is set to oscillate at a fixed intermediate frequency,
then position x of the copper sample is scanned along
the whole length of the main coil. The differential sig-
nal recorded ∆ǫ1 +∆ǫ2 is registered as a function of the
sample displacement (see Fig.5). The correct positions
of the sample inside the C1 and C2 coils are those that
produce the maximum amplitude. These maxima are
determined using a single tone extraction procedure13,14
and correspond to the maximum coupling values α1 and
α2, respectively.
IV. APPLICATIONS
Susceptibility measurements contain valuable informa-
tion about the ac magnetic field manipulation capacity
of a given material. Important information, such as the
monodispersibility of the nanoparticles, their hydrody-
namic diameter, and the relative amount of superparam-
agnetic nanoparticles free to move can be extracted.
We measured the susceptibility of samples containing
superparamagnetic particles dissolved in deionized wa-
ter. The samples, provided by Ocean NanoTech, contain
5 mg/ml of iron in the ferrofluid. If it is assumed that
FIG. 5. The differential signal amplitude (∆ǫ1 + ∆ǫ2) as a
function of the motor steps used to determine the correct
positioning of the sample in the two pick-up coils.
the particles are mainly made of Fe3O4, the concentra-
tion of magnetite in the ferrofluid is about 6.9 mg/ml.
The core diameter of the mono-dispersed nanoparticles
is 20 nm, with a hydrodynamic size of 23.45 nm (stan-
dard deviation of 5.56 nm). The susceptibility measured
is presented in Fig.6. The maximum χ′ value, as well
as the frequency dependence of both χ′ and χ′′, differ
from the theoretical value, but are in perfect agreement
with the results presented in17. As it is known (see for
example6,18), at low frequencies the MNPs show super-
paramagnetic behaviour, and at frequencies such that
ωτ >1 (where τ is the measuring time) relaxation loss
of energy takes place. With a core diameter of 20 nm
(anisotropy constant K=1.35× 104 J/m3) and a hydro-
dynamic diameter of 30 nm, Brownian relaxation is dom-
inant and determines a relaxation frequency of about
15 kHz, which is much lower than the experimentally
measured frequency (see Fig.6).
However, the MNPs with a 25 nm core diameter (from
the same provider) show a χ′′ maximum in very close
correspondence to the theoretical value of nearly 12 kHz
(again determined by the Brownian relaxation), consid-
ering a hydrodynamic diameter of 33 nm (the data sheet
specifications provided by the producer declare a hydro-
dynamic diameter of 31.90 nm with a standard deviation
of 7.04 nm).
A large discrepancy is obtained between the theoreti-
cally evaluated (dc) susceptibility and the measured one
at low frequencies, with both samples. With a 20 nm
core diameter χ′ can be calculated to be about 270 (sat-
uration magnetization of magnetite of Ms = 470 kA/m)
instead of the measured value of about 18. For the 25 nm
core diameter the measured χ′ value is 43 and the the-
oretical χ′ value is about 544. These large discrepan-
cies are consistent with results reported in the literature
on the same kind of samples17. There are at least two
6FIG. 6. χ′ and χ′′ value for a sample (2 ml; 13.8 mg of Fe3O4) containing MNPs of 20 nm in diameter (plots a) and b)) and
25 nm in diameter (plots c) and d)).
possible reasons for this unexpected result. A fraction
of the nanoparticles might be aggregate with the conse-
quence of a reduced response. Secondly, the theoretical
estimates are based on the bulk value susceptibility, while
important deviations may occur in the synthesis proce-
dure at the surface region of the nanoparticles, leading
to an important decrease of the effective core diameter
of the nanoparticles.
The sensitivity of the susceptometer in terms of stan-
dard deviation for a given Fe3O4 mass was evaluated.
The standard deviation is a complex function of the op-
eration frequency. An increase in its value (by a fac-
tor of two) is present at low frequencies (below 100 Hz),
which is attributed to the 1/f noise, and at frequen-
cies above 10 kHz. In the intermediate frequencies a
standard deviation of 4 × 10−3 mg/Msample for χ′ and
1 × 10−2 mg/Msample for χ′′ is found, where Msample is
the mass of the Fe3O4 sample. With respect to the in-
strumental limit evaluated in Sec.II, these values are 6
and 15 times larger, respectively.
V. CONCLUSION
A susceptometer is built using only standard and basic
laboratory instrumentation. A commercial DAQ card is
used to acquire triggered data samples from which both
the magnetizing field and the magnetization signals are
inferred. In contrast to the most common approaches,
based on phase-sensitive detection with lock-in ampli-
fiers, here the phase is evaluated with the help of a single-
tone-extraction algorithm. The susceptometer works at
room temperature and at low magnetic field values (of
the order of a few 1 mT around 10 Hz, and down to
20µT at 100 kHz). Its frequency response is calibrated
using samples made of Cu wires, whose theoretical behav-
ior is recalled and discussed. The susceptometer is used
to determine the χ′ and χ′′ of samples containing mono-
dispersed MNPs. These measurements make it possible
to determine the frequency range in which the superpara-
magnetic behaviour of magnetic nanoparticles occurs.
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7Appendix A: The susceptibility of copper wires
The result quoted in the main text (see Eq.(4)) makes
use of Bessel functions of a complex argument. These
functions are not widely available from a numerical point
of view. However the expression for susceptibility can be
translated into a simpler and more accessible form using
the Kelvin functions19. In fact they are defined as:
berν(x) + i beiν(x) ≡ Jν
(
x√
2
(−1 + i)
)
= (A1)
ei piν Jν
(
x√
2
(1− i)
)
where ν ≥ 0, x ≥ 0 and Jν are the usual Bessel functions
of the first kind. Writing z of (4) as z = x (1− i)/√2 the
theoretical susceptibility becomes:
1 + χth = −
√
2 (1 + i)
x
ber1(x) + i bei1(x)
ber0(x) + i bei0(x)
(A2)
which, after some algebra using the formula 9.9.16 and
9.9.18 of19, can be cast as:
χth =
(
−1 + 2
x
q0
p0
)
− i 2
x
r0
p0
(A3)
where the p0, q0 and r0 are particular instances of the
cross-products:
pν(x) = ber
2
ν(x) + bei
2
ν(x)
qν(x) = berν(x) bei
′
ν(x)− ber′ν(x) beiν(x)
rν(x) = berν(x) ber
′
ν(x) + bei
′
ν(x) beiν(x).
The functions p0, q0 and r0 can be defined from their
power series:
p0 =
∞∑
k=0
(x2/4)2k
(2k)! k!2
q0 =
x
2
∞∑
k=0
(x2/4)2k
(2k + 1)! k!2
(A4)
r0 =
x3
8
∞∑
k=0
(x2/4)2k
(2k + 2)! (k + 1)! k!
which converge for any x, but are not suitable for numeri-
cal work if x is large. However the asymptotic behaviours
for x→∞ are also known19:
p0 =
ex
√
2
2π x
×
(
1 +
1
4
√
2
1
x
+
1
64
1
x2
+
− 33
256
√
2
1
x3
− 1794
8192
1
x4
+O(x−5)
)
q0 =
ex
√
2
2π x
×
(
1√
2
+
1
8
1
x
+
9
64
√
2
1
x2
+ (A5)
+
39
512
1
x3
+
75
8192
√
2
1
x4
+O(x−5)
)
r0 =
ex
√
2
2π x
×
(
1√
2
− 3
8
√
2
1
x
− 15
64
√
2
1
x2
+
− 45
512
1
x3
+
315
8192
√
2
1
x4
+O(x−5)
)
.
Using these expressions the leading terms for the sus-
ceptibility (χ = χ′ − i χ′′) can be derived for small x:
χ′ = − 1
48
x4 +
19
30720
x8 − 229
12386304
x12 +O
(
x16
)
χ′′ =
1
8
x2 − 11
3072
x6 +
473
4423680
x10 +O
(
x14
)
and large x:
χ′ = −1 +
√
2
x
+
√
2
8x3
+
1
4 x4
+
25
128
√
2
x5
+O
(
x−6
)
χ′′ =
√
2
x
− 1
x2
−
√
2
8x3
+
25
128
√
2
x5
+O
(
x−6
)
.
These series expansions of χ may help in visualizing the
asymptotic behaviour, but are not favourable for a nu-
merical evaluation, as they would require too many terms
to obtain adequate precision. A more favourable choice
is based on the use of the rational expression Eq.(A3),
with appropriate evaluations of p0, q0 and r0. The nu-
merical evaluation of p0, q0 and r0 can be performed using
the power series expressions Eq.(A4) with 10 terms for
x ≤ 10 and the asymptotic expansions given in Eq.(A5)
for larger x. Of course computer algebra software such
as Maple can also be used, but the approximations re-
ported above can be more profitable when the evaluation
of those quantities has to be integrated into other kinds
of software, such as programmes devoted to data acqui-
sition and instrumentation management.
In Fig. 7 the absolute error |χexact−χapprox| is plotted
as a function of x, where χexact is calculated using Maple,
while χapprox is calculated using the small x (Eq.(A4))
and large x (Eq.(A5)) approximations, respectively. As
shown, the method leads to a maximum absolute error
as small as 10−6.
1D.-X. Chen, “High-field ac susceptometer using Helmholtz coils
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